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Abstract
We investigate radial Rindler trajectories in a static spherically symmetric
black hole spacetime. We assume the trajectory to remain linearly uniformly
accelerated throughout its motion, in the sense of the curved spacetime generali-
sation of the Letaw-Frenet equations. For the Schwarzschild spacetime, we arrive
at a bound on the magnitude of the acceleration |a| for radially inward moving
trajectories, in terms of the mass M of the black hole given by |a| ≤ 1/(√27M)
for a particular choice of asymptotic initial data h, such that, for acceleration |a|
greater than the bound value, the linearly uniformly accelerated trajectory always
falls into the black hole. For |a| satisfying the bound, there is a minimum radius
or the distance of closest approach for the radial linearly uniformly accelerated
trajectory to escape back to infinity. However, this distance of closest approach
is found to approach its lowest value of rb = 3M , greater than the Schwarzschild
radius of the black hole, when the bound, |a| = 1/(√27M) is saturated. We fur-
ther show that a finite bound on the value of acceleration, |a| ≤ B(M,h) and a
corresponding distance of closest approach rb > 2M always exists, for all finite
asymptotic initial data h.
1 Introduction:
Rindler trajectories are a special class of trajectories in flat spacetime. Hyperbolic
motion along the orbits of the boost Killing vector lie in the right quadrant of the
Minkowski spacetime constrained by the X = −T and X = T null surfaces where
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X and T are the Minkowski co-ordinates. This special structure together with the
constancy in the magnitude of acceleration |a| leads to a notion of temperature Tu equal
to |a|/2pi associated with the Killing horizon X = T known as the Unruh effect when
one analyses the different vacua associated with the background quantum fields in the
global inertial frame and the Rindler frame [1, 2]. It has been argued that in a general
curved spacetime one can construct, in principle, trajectories which are locally Rindler
and associate a first law of thermodynamics with the corresponding local Rindler horizon
by analysing the flow of matter flux through it. [3, 4, 5, 6, 7].
Suppose one introduces a static spherically symmetric black hole, of the Schwarz-
schild type with mass M , in the Minkowski-Rindler setting such that the black hole is
at a large distance away from the Rindler observer. The spacetime geometry in the local
neighbourhood of the Rindler trajectory will still be dominantly flat but now also have
small perturbations to the background flat metric due to the presence of the black hole.
The hyperbolic solution to the uniformly accelerated trajectory and the corresponding
Rindler horizon null surface too would obtain corrections, say, to linear order in the
metric perturbations. However one can expect the broader quadrant structure formed
by the perturbed X = T null surface (casual past of the future asymptotic point), the
perturbed X = −T null surface (casual future of the past asymptotic point), the past
null infinity and future null infinity of the Rindler spacetime to deform from the usual
rectangular shape since the null trajectories are no longer Minkowski straight lines in
the (X,T ) plane due to the metric perturbation (see Figure 1). In the present picture,
due to the presence of the black hole, the X and T co-ordinates behave like the r and t
of the Schwarzschild co-ordinate while the the Y and Z transverse co-ordinates behave
like the corresponding angular co-ordinates θ, φ at r → ∞. Note that the scenario
described above is qualitatively different than the familiar r = constant uniformly ac-
celerated observers in the Schwarzschild metric. In the latter, the magnitude of the
acceleration is dependant on both the stationary co-ordinate r and mass M of the black
hole whereas in the former the acceleration magnitude |a| is an independent parameter
and hence the trajectory is not restricted to just a constant r. In the present case there
are two horizons present, the black hole horizon and the Rindler horizon, whose relative
positions are determined by the parameters M and |a| (or a combination of |a| and M)
respectively. An analysis of the quantum fields in this background metric should lead to
interesting consequences for the temperature Tu determined by the accelerated observer
with Tu now depending on both the parameters |a| and M .
The more general case, wherein the black hole is not restricted to be far away from
the Rindler observer, is even more intriguing. Obtaining the corresponding uniformly
accelerated trajectory would be highly non-trivial since one can expect strong curvature
effects to significantly modify the hyperbolic trajectory. Additionally, one would like
to understand the features of the deformed Rindler horizon, if at all existent, in the
presence of the black hole. We focus on the former aspect in the present paper.
In a curved spacetime, a generalisation of the Rindler trajectory involves, in addition
to the constancy condition on the magnitude of acceleration, a further constraint on the
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Figure 1: Minkowski-Rindler setting perturbed by Black Hole
trajectory that it must be linear with vanishing torsion and hyper-torsion [8]. To be
consistent, the linear uniformly accelerating trajectory should reduce to the usual hyper-
bolic trajectory in a local inertial frame defined around any event along the trajectory.
In [9], a construction based on the Letaw-Frenet equations and their corresponding ge-
ometrical scalar invariants was shown to lead to such a covariant definition of the linear
uniformly accelerated (LUA) trajectory. One defines a tetrad of basis vectors V iα along
each point on the trajectory with two of these vectors to lie along the tangent vector ui
and the unit acceleration vector ai/|a| respectively while the remaining two are defined
using the Gram-Schmidt orthogonalisation procedure. The Letaw-Frenet equations in
curved spacetime are then uj∇jV iα = KβαV iβ , where,
Kαβ =

0 −K(τ) 0 0
K(τ) 0 −T (τ) 0
0 T (τ) 0 −V(τ)
0 0 V(τ) 0

with K(τ), T (τ) and V(τ) being the scalar invariants of curvature, torsion and hyper-
torsion.
The LUA trajectory is then defined as the trajectory with a constant positive cur-
vature and vanishing torsion and hyper-torsion, where the curvature is the magnitude
of proper acceleration, K(τ) = |a|. In the present case, for the LUA trajectory the
Letaw-Frenet equation reduce to the following constraint equation
wi − |a|2ui = 0 (1.1)
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where wi = uj∇jai. The solution xi(τ) consistent with the above constraint equation in
a given background curved spacetime is the required trajectory of the linear uniformly
accelerated observer, that is the generalised Rindler trajectory.
The paper is organised as follows. In section 2, we set-up the relevant equations
and present the general solution for a radial LUA trajectory, in a spherically symmetric
background metric of the Schwarzschild type with gtt = f(r) = −grr, in terms of its
4-velocity. Further, the explicit solution for the radial LUA trajectory is obtained for
the black hole with f(r) = 1 − s2/r2. We next apply the results of section 2 to the
Schwarzschild case, in section 3, for radial trajectories having acceleration directed away
from the black hole. Interestingly, we arrive at a bound on the magnitude of acceleration
|a| in terms of the mass M of the black hole given by |a| ≤ 1/(√27M) for a particular
choice of asymptotic initial data h, such that, for acceleration |a| greater than the bound
value, the LUA trajectory always falls into the black hole. For acceleration |a| satisfying
the bound, there is a minimum radius or the distance of closest approach for the radial
LUA trajectory, to escape back to infinity. However, this distance of closest approach
is found to approach the radius rb = 3M , which is greater than the Schwarzschild
radius of the black hole, when the value of acceleration saturates the bound, |a| =
1/(
√
27M). We further show that a finite bound on the value of acceleration, |a| ≤
B(M,h) and a corresponding distance of closest approach rb > 2M always exists, for all
finite asymptotic initial data h. In section 4, we find the explicit solution to the LUA
trajectory in the de-sitter spacetime and show that the same trajectory viewed in the
5 −D Minkowski spacetime, embedding the 4 −D de-sitter spacetime, is also LUA in
the 5−D sense and vice-versa. The conclusions are presented in section 5.
Latin indices run from 0 to 3 and signature of the metric is taken to be (+,−,−,−).
2 General Setup:
Consider a general metric of the following form for a spherically symmetric and non-
rotating black hole, with an asymptotic flat boundary,
ds2 = f(r)dt2 − f(r)−1dr2 − r2dθ2 − r2sin2θdφ2 (2.1)
where, f(r) is a smooth differentiable function, with f(rH) = 0 at some radius rH and
f(r) → 1 as r → ∞. To find the LUA trajectory in the above background metric,
we assume the trajectory to be purely along the radial direction having fixed angular
coordinates. That is, for our beginning ansatz, we have t(τ), r(τ), θ =constant and
φ = constant, where τ is the proper time along the trajectory. The corresponding four
velocity ui is then simply,
ui =
dxi
dτ
≡ (u0, u1, 0, 0) (2.2)
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The components of acceleration vector ai = uj∇jui are
a0 =
du0
dτ
+
1
f
(
∂f
∂r
)
u0u1 (2.3)
a1 =
du1
dτ
+
1
2
(
∂f
∂r
)
(2.4)
a2 = Γ2iju
iuj = 0 (2.5)
a3 = Γ3iju
iuj = 0 (2.6)
For the spherically symmetric form of the metric in Eq.(2.1), the components Γ2ij and
Γ3ij vanish for i, j = 0, 1. Because of this, the angular components of acceleration
vector for a radial trajectory in any metric of the form of Eq.(2.1) are always zero, that
is, a2 = a3 = 0. The magnitude of proper acceleration is
−|a|2 = f(r)(a0)2 − (a
1)
2
f(r)
= f(r)
(
du0
dτ
)2
− 1
f(r)
(
du1
dτ
)2
+
1
f(r)
(
∂f
∂r
)2(
u0u1
)2 − 1
4f(r)
(
∂f
∂r
)2
− 1
f
(
∂f
∂r
)(
du1
dτ
)
+ 2u0u1
(
∂f
∂r
)(
du0
dτ
)
(2.7)
where we take |a| to be a constant as per our requirement. Further imposing the linearity
condition for the LUA trajectory in terms of Eq.(1.1), wi = |a|2ui, we have for the time
component
0 = w0 − |a|2u0 = ui∇ia0 − |a|2u0
=
da0
dτ
+
1
2f
(
∂f
∂r
)(
u0a1 + a0u1
)− |a|2u0 (2.8)
Similarly the equation for radial component becomes
0 = w1 − |a|2u1 = ui∇ia1 − |a|2u1
=
da1
dτ
+
1
2
∂f
∂r
(
fu0a0 − u
1a1
f
)
− |a|2u1
=
da1
dτ
− |a|2u1 (2.9)
where, the second last term in the above equation vanishes as uiai = 0. The angular
components of wi, that is, w2 and w3 again vanish due to spherical symmetry, since the
corresponding Γ2ij and Γ
3
ij are zero.
It is instructive to note here that in accordance to the Letaw- Frenet formulation [9],
the V0 and V1 tetrad vectors for the spherically symmetric metric in Eq.(2.1) lie in the
(t, r) plane for each point along the LUA trajectory, since ui and ai lie completely in
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the (t, r) plane. Whereas, one can choose the V2 and V3 tetrad vectors to lie along the
θ and φ directions respectively. The spherical symmetry further dictates the angular
components of wi to vanish. Hence, wi also lies in the (t, r) plane, or in the plane of
(ui, ai) and one can then write wi = Cui +Dai, completely in terms of the basis vectors
V0 and V1. However, since |a| is a constant, one can show that wi is orthogonal to ai,
that is wiai = 0. This can easily be verified starting from,
0 = uj∇j(aiai) = 2wiai
Then for the radial LUA trajectory, in the background metric Eq.(2.1), the condition
wi = |a|2ui is always satisfied. In other words, solving either |a|2 = constant or wi =
|a|2ui should be equivalent and lead us to the same solution for t(τ) and r(τ).
The radial component of wi is straight forward to solve in the current scenario. We
first substitute the expression for a1, Eq.(2.4) in Eq.(2.9) to get,
d2u1
dτ 2
=
(
|a|2 − 1
2
∂2f
∂r2
)
u1 (2.10)
Integrating the above equation we get,
u1 = ±
√
|a|2r2 − f(r) + 2c1r + 2c2 (2.11)
where, c1 and c2 are constants of integration. The u
0 component is obtained trivially
through the normalization condition uiui = 1, to be,
u0 = f(r)−1
√
|a|2r2 + 2c1r + 2c2 (2.12)
The above solutions need to be consistent with the w0 = |a|2u0 equation in Eq.(2.8).
Substituting Eq.(2.11) and Eq.(2.12) in Eq.(2.8) we arrive at the constrain, c2 =
c1
2/2|a|2.
Collecting our results, we have,
u1 = ±
√
(|a|r + h)2 − f(r) (2.13)
u0 = f(r)−1 (|a|r + h) (2.14)
here h2 = 2c2 is a constant. These are the solutions to the Eq.(2.8) and Eq.(2.9). For
a given f(r), the trajectory r(τ) and t(τ) can be obtained in principle by integrating
u1 and u0 with respect to τ . Also note that the above solutions were obtained for an
arbitrary function f(r) without invoking any of its asymptotic properties or its roots,
hence these hold in the case of a de-sitter spacetime as well.
Far away from the black hole, at r →∞, the spacetime is flat and one has f(r)→ 1,
the components u1 and u0 become,
u1 = ±
√
(|a|r + h)2 − 1 (2.15)
u0 = |a|r + h (2.16)
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the solutions to which, result in the familiar Rindler trajectory with r =
(cosh(|a|τ)− h) /|a| and t = sinh(|a|τ)/|a|. Thus, it is observed that the role of the
constant h is to shift the Rindler hyperbole along the radial direction. Further, one can
note that dr/dt = u1/u0 → ±1 at r → ∞, as expected for an uniformly accelerated
trajectory at τ → ±∞. For the Schwarzschild metric, f(r) = 1 − rs/r, obtaining the
exact analytic form of the solutions is non trivial and one needs to deal with the Elliptic
integrals of the first kind F and the of the third kind Π. To understand the general
features of the solution, we first analyse the solutions for the black hole of the type,
f(r) = 1 − s2/r2, wherein Eq.(2.13) is straight forwardly integrable to obtain exact
analytic solution of r(τ).
2.1 For f(r) = 1− s2r2
Consider the metric of the form in Eq.(2.1) with f(r) = (1− s2/r2),
ds2 = (1− s
2
r2
)dt2 − (1− s
2
r2
)
−1
dr2 − r2dθ2 − r2sin2θdφ2 (2.17)
The metric asymptotes to a flat metric at the boundary r → ∞ and has a horizon at
r = +s.
As in the general case, consider an observer travelling along the radial direc-
tion towards the black hole, with the initial conditions, τ → −∞, r >> s and
(dr/dt)|r→−∞ = −1 with fixed angular coordinates. Further let the observer be con-
strained to be linearly uniformly accelerated such that the 3−acceleration vector is
directed radially outward. One can then expect the coordinate velocity to gradually
decrease due to the outward acceleration. The gravity of the black hole of course acts
in the opposite direction and the actual motion is the result of the choice of values of
the parameters |a| and s, which shall not prescribe at this junction. Without any loss
of generality, consider then a trajectory which stops at some minimum value of r and
returns back to infinity at τ → +∞. Such a trajectory is LUA trajectory for the metric
in Eq.(2.17). Substituting f(r) = (1− s2/r2) in Eq.(2.13) and (2.14), the radial velocity
is
u1 = −
√
(|a|r + h)2 − 1 + s
2
r2
(2.18)
Since we choose the observer to be initially moving towards the black hole, the initial
radial component of velocity will be negative. The time-component of four velocity is
u0 = (1− s
2
r2
)
−1
(|a|r + h) (2.19)
with a positive root, since t increases as τ increases. For the the special case h = 0, the
equation for the radial velocity can be readily integrated. Integrating Eq.(2.18) with
h = 0, we get τ as a function of r,
τ = −
log | (1− 2|a|2r2 − 2|a|
√
s2 − r2 + |a|2r4) |
2|a| (2.20)
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Inverting the function one gets two solutions for r(τ) corresponding to the two values
of modulus inside the log,
r+(τ) =
1
2|a|
√
4|a|2s2 − (1− exp(−2|a|τ))2
exp(−2|a|τ) (2.21)
r−(τ) =
1
2|a|
√
(1 + exp(−2|a|τ))2 − 4|a|2s2
exp(−2|a|τ) (2.22)
where the solution r+(τ) corresponds to +(1−2|a|2r2−2|a|
√
s2 − r2 + |a|2r4) and r−(τ)
corresponds to −(1− 2|a|2r2− 2|a|
√
s2 − r2 + |a|2r4). These solutions are plotted for a
particular value of |a| and s as shown in figure(2).
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Figure 2: Radial trajectories r+(τ) and r−(τ) with s = 0.1 and |a| = 4. The maximum
of r+ is at rmax = 0.11 and the minimum of r−(τ) is at rmin(τ) = 0.22.
The trajectory given by r+(τ) describes an observer travelling outward starting from
some fixed radius r and reaching a maximum point and then falling back into the horizon.
The other solution r−(τ) in Eq.(2.22) describes the return trajectory with the turning
point at
rmin =
√
1 +
√
1− 4|a|2s2
√
2|a| (2.23)
For rmin to be real, |a|2 has to be less than or equal to 1/4s2. At the bound |a|2 = 1/4s2,
r =
√
2s, is the lowest point from which an observer can turn back. For any value of
|a|2 > 1/4s2, there is no minimum and the observer falls into the black hole. We shall
comment more on these bounds for the Schwarzschild case. A similar analysis can be
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done for LUA observer in a metric with f(r) of the form (1 − sn/rn), where n is a
positive integer. In such a metric, the LUA trajectory has two real positive extrema, (a)
rmax corresponding to the trajectory which initially moves away from the black hole and
then turns back and falls into the horizon and (b) rmin for the trajectory which initially
falls towards the black hole and then returns back to infinity. This can be demonstrated
by applying the Descartes’ rule of sign to the radial component of velocity in Eq.(2.13)
with f(r) = (1− sn/rn) and h = 0. We have for the radial component of the velocity
u1 = ±
√
|a|2r2 − 1 + s
n
rn
(2.24)
Roots of u1 are same as the roots of the polynomial |a|2r2+n − rn + sn, which are the
extrema of the LUA trajectory r(τ). This polynomial changes sign twice and hence it can
have either two real positive roots or no real positive root. The two real positive roots
correspond to the maximum rmax and a minimum rmin. The bound on the parameter
|a| in terms of s corresponds to the case when the maximum and the minimum coincide,
that is, rmax = rmin. Thus in general, one can expect a bound to exist for the general
metric with f(r) = (1− sn/rn) too. In the next section, we analyse the LUA trajectory
for the Schwarzschild case and further investigate the bounds even when h 6= 0.
3 LUA observer in Schwarzschild metric
For the Schwarzschild metric,
ds2 = (1− rs
r
)dt2 − (1− rs
r
)
−1
dr2 − r2dθ2 − r2sin2θdφ2 (3.1)
consider a LUA observer travelling along a radial path with θ = constant, φ = constant
initially directed towards the Schwarzschild black hole starting from some initial radius
ri >> rs and having uniform positive acceleration directed away from the black hole.
The components of velocity vector for the LUA observer are given by Eq.(2.13) and
(2.14) with f(r) = (1− rs/r).
u1 =
dr
dτ
= ±
√
(|a|r + h)2 − 1 + rs
r
(3.2)
u0 =
dt
dτ
= (1− rs
r
)
−1
(|a|r + h) (3.3)
Consider first the special case, h = 0, wherein the components of velocity vector simplify
to,
u1 =
dr
dτ
= ±
√
|a|2r2 − 1 + rs
r
(3.4)
u0 =
dt
dτ
= (1− rs
r
)
−1|a|r (3.5)
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As mentioned in the earlier section, for the case h = 0, taking the limit rs → 0 in the
above equations corresponds to the Rindler trajectory in the usual form. The equation
of motion r(t) is obtained by taking u1/u0 to get,
dr
dt
= ±(1− rs
r
)
√
|a|2r2 − 1 + rs
r
|a|r (3.6)
The solutions for the equation of motion can be written in terms of the Elliptic integrals
of the first kind F and the of the third kind Π. Solving the differential equation numer-
ically for different values of acceleration |a| and rs, the radius r is plotted as a function
of time coordinate t (Figure 3).
(a) (b)
Figure 3: r-t trajectories of LUA observer (a) with initial position r > rmin, |a| = 10,
rs = 0.01 and turning point at rmin = 0.094564, (b) with initial position r < rmax,
|a| = 38, rs = 0.01 and turning point at rmax = 0.0137713.
From the figure one can check that the trajectory starts from a initial radius, falls
towards the black hole and then returns back to a large value of r, from the turning
point at radius rmin > rs as expected. To determine the extrema of the trajectory, we
take dr/dt = 0, which leads to a cubic polynomial |a|2r3 − r + rs = 0. As per the
Descartes’ rule of sign, two roots of this polynomial are positive real or none of them
are. We shall now investigate the constraints under which, the minimum and maximum
exist. The roots of |a|2r3 − r + rs = 0 are
rmin = r1 =
(
2
3
)1/3
(−A0 +B0)1/3
+
(−A0 +B0)1/3
21/3 32/3 |a|2 (3.7)
r2 = − (1 + i
√
3)
22/3 31/3 (−A0 +B0)1/3
− (1− i
√
3)(−A0 +B0)1/3
24/3 32/3 |a|2 (3.8)
rmax = r3 = − (1− i
√
3)
22/3 31/3 (−A0 +B0)1/3
− (1 + i
√
3)(−A0 +B0)1/3
24/3 32/3 |a|2 (3.9)
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where, A0 = 9|a|4rs and B0 =
√
3|a|3
√
27|a|2rs2 − 4. For |a|2 > (4/27rs2), (−A0 + B0)
is real and thus r2 and r3 become complex valued and r1 is negative. Thus for values of
acceleration |a|2 > (4/27rs2), there is no turning point and the LUA observer falls into
the horizon.
For |a|2 ≤ (4/27rs2), the term (−A0 +B0) is complex and can be written as (−A0 +
B0) = (−A0 + iB′0) = C0 exp (i(pi − η)), where, B′0 =
√
3|a|3
√
4− 27|a|2rs2, C0 =√
A0
2 +B
′
0
2
and η = tan−1(B
′
0/A0). Using this, the expressions r1, r2 and r3 simplify
to be
rmin = r1 =
(
cos(η/3) +
√
3 sin(η/3)
)
√
3|a| (3.10)
r2 =
−4 cos(η/3)
2
√
3|a| (3.11)
rmax = r3 =
(
cos(η/3)−√3 sin(η/3))√
3|a| (3.12)
From the definition of η, it can take values from 0 to pi/2. For this range of η, both
cos(η/3) and sin(η/3) are positive and hence r2 is negative and thus not physical, while
r1 is a point of minimum and r3 is a point of maximum. Here r3, the point of maximum
refers to LUA trajectories which starts from radius ri < r3 with an initial velocity in
the outward direction, reach a maximum value of r3 and then turn and fall back into
the black hole, similar to the trajectory in Figure (3b).
A LUA trajectory having acceleration |a|2 < (4/27rs2) is shown in figure(3a), with
the point of minimum given by r1 i.e. Eq.(3.10). Whereas the observer with acceleration
|a|2 > (4/27rs2) does not have a minimum and falls into the black hole.
As the magnitude of acceleration |a|2 approaches the saturation value of the bound
(4/27rs
2) from below, both the extrema, that is, the minimum r1 and the maximum r3
come closer. At the exact value, |a|2 = (4/27rs2), B′0 vanishes and hence sin(η/3) is
zero, thus making the two extrema equal at radius
rb =
1√
3|a| =
3rs
2
(3.13)
which is greater than the Schwarzschild radius rs.
For the general case, h 6= 0, the equation of motion for the LUA trajectory from
Eqs.(3.2) and (3.3) is ,
dr
dt
=
u1
u0
= ±(1− rs
r
)
√
(|a|r + h)2 − 1 + rs
r
(|a|r + h) (3.14)
Solving this differential equation numerically, the trajectory r as a function of t is plotted
to get the curves similar to that of figure(3). The extrema of this curve r(t) are obtained
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by solving dr/dt = 0, to get the following three roots,
rmin = r1 = − 2h
3|a| +
P 1/3
21/3 3|a|2 +
21/3(3 + h2)
3 P 1/3
(3.15)
r2 = − 2h
3|a| −
(1− i√3)P 1/3
21/3 6|a|2 −
(1 + i
√
3)(3 + h2)
22/3 3 P 1/3
(3.16)
rmax = r3 = − 2h
3|a| −
(1 + i
√
3)P 1/3
21/3 6|a|2 −
(1− i√3)(3 + h2)
22/3 3 P 1/3
(3.17)
here, P = −A + iB, with, A = (27|a|4rs + 18|a|3h − 2|a|3h3) and B =√
4|a|6(3 + h2)3 − (A)2. Simplifying these expressions in a similar manner as in the
case h = 0, we get,
rmin = r1 =
2
3|a|
[√
3 + h2
2
(
cos(ξ/3) +
√
3 sin(ξ/3)
)
− h
]
(3.18)
r2 =
−2
3|a|
[√
3 + h2 cos(ξ/3) + h
]
(3.19)
rmax = r3 =
2
3|a|
[√
3 + h2
2
(
cos(ξ/3)−
√
3 sin(ξ/3)
)
− h
]
(3.20)
where, ξ = tan−1(B/A). For r1, r2 and r3 to be real, B needs to be real, that is,
4|a|6(3 + h2)3 − (A)2 should be greater than or equal to zero, and thus ξ will be in the
range 0 < ξ < pi. It is then clear from the equations (3.18), (3.19), (3.20) that, r2 will
always be negative since cos(ξ/3) is positive, and thus it does not represent a physical
solution. The root r1 gives us the minimum of the trajectory that we are interested in.
To find the range of acceleration for which, B is real, i.e B2 ≥ 0, we first obtain the
values of acceleration |a| which give the zeros of function B, that is imposing B = 0,
the acceleration |a| is obtained in terms of h and rs. The real solutions are,
a1 =
2(−9h+ h3 −√(3 + h2)3)
27rs
a2 =
2(−9h+ h3 +√(3 + h2)3)
27rs
= B(M,h) (3.21)
One can check that, a1 is a negative value for whole range of h and thus not a physical
solution and B2 ≥ 0 for the range 0 ≤ |a| ≤ a2 = B(M,h). A plot of B2 as a function
of |a| for a particular value of h and rs is shown in figure(4).
At the bound |a| = a2, since B2 = 0, sin(ξ/3) is zero and the two extrema r1 and r3
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Figure 4: Plot of B2 = 4|a|6(3 + h2)3 − (27|a|4rs + 18|a|3h − 2|a|3h3)2 as a function of
|a| with h = 0.8 and rs = 0.01. The non negative zeros of the function are a0 = 0 and
a2 = 1.90131.
equal to
rb =
2
3|a|
(√
3 + h2
2
− h
)
=
9rs
(√
3 + h2 − 2h)
2
(
−9h+ h3 +√(3 + h)3) (3.22)
Eq.(3.22) gives the distance of closest approach rb beyond which the LUA observer
cannot have a turning point, which is positive only for the values h < 1. The bound on
acceleration a2 and the distance of closest approach rb are plotted as a function of h for
rs = 1 in figure(5). The acceleration a2 is zero at h = 1 and thus rb has an indeterminate
form 0/0 at h = 1. The minimum r1 and maximum r3 are also plotted in figure(6) below
for a value of h < 1 and rs = 0.01. It can be seen that the extrema r1 and r3 merge at
the bound |a| = a2.
Thus to have a radial LUA trajectory with a turning point in Schwarzschild metric,
it should have the initial conditions with the constant h < 1 and the magnitude of
acceleration in range 0 < |a| ≤ a2. The bound on the value of acceleration is then given
by Eq.(3.21) and the corresponding distance of closest approach is given by Eq.(3.22)
for the particular value of h. For a different choice of constants, the bounds are derived
in Appendix A.
Similar to the Rindler trajectory in flat spacetime, the parameter h plays the role of
shifting the LUA trajectory in the Schwarzschild case. For h = 0, the LUA trajectory far
away from the black hole, r →∞, matches with the Rindler hyperbola in flat spacetime
at asymptotic infinity, with r = 0 and t = 0 being the bifurcation point of the Killing
horizon. Then, decreasing or increasing h amounts to shifting the trajectory to the right
or left in the (t, r) plane at flat asymptotic infinity. Of-course, at finite r or close to the
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Figure 5: a2 and rb as a function of h for rs = 1. The distance of closest approach rb
tends to rs as h→ −∞.
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Figure 6: r1 = rmin and r3 = rmax as a function of |a| for h = 0.8 and rs = 0.01. The
extrema r1 and r3 merge at bound |a| = a2 = 1.90131
black hole, the particular solution of the LUA trajectory, for a chosen h, may change
non-linearly with h. However, for the family of Rindler curves corresponding to the
Rindler quadrant (bounded by the casual past of the future asymptotic point and the
casual future of the past asymptotic point and future null infinity and past null infinity)
greater the shift towards the black hole; the trajectories with higher acceleration from
the family of Rindler curves, will be affected more by the curvature of the black hole
since they are relatively closer to the Rindler horizon. This picture is consistent with
the results of Eq.(3.21) and Eq.(3.22). From Figure (5a) for the bound on acceleration
a2, one can see that the bound increases with the decrease in value of h. That is,
as the Rindler quadrant is shifted away from the black hole, the limit on trajectories
with higher acceleration which can return back to infinity, increases as h decreases and
vice-versa.
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To identify the family of radial LUA trajectories bounded by a particular Rindler
quadrant, one needs to know the future and past asymptotic points of the radial LUA
trajectories. However, the solution for the trajectories in terms of the elliptic functions
present a technical difficulty in obtaining a value for the asymptotes. This is due to the
fact that the incomplete elliptic integral of the third kind one encounters in the solution
is not well defined at r →∞ in the present case and hence one needs to resort to other
methods which we shall describe in a future publication [12]. One can though expect the
asymptotic points to depend on both the values of |a| and h in general. Interestingly this
would imply that the Rindler quadrant would be different for radial LUA trajectories
having different |a| and h.
4 For the De-Sitter spacetime:
It is known that 4D De-sitter spacetime can be embedded in 5D Minkowskian
space (Γabc = 0) as a hyperboloid with constant curvature R. The magnitude of
4−acceleration of a radial trajectory in 4D De-sitter spacetime is related to the magni-
tude of the 5−acceleration of the same trajectory in the embedding flat space as[10],
|a|25D = |a|2 +
1
R2
(4.1)
where, |a|2 = −gijaiaj is the magnitude of 4−acceleration. Hence, a constant
4−acceleration implies a uniform acceleration in 5D as well. Now, a linearly uniformly
accelerated trajectory defined in 5D is just the usual hyperbolic Rindler trajectory in
5D. It would be interesting to ask whether the linearity in embedded 4D De-sitter
spacetime in terms of [wi − |a|2ui]4D = 0 equations also implies the corresponding lin-
earity equation [W b − |a|2U b]5D = 0 in the embedding 5D space. In this section, we
investigate the one to one correspondence between the LUA trajectory in 5D and the
LUA trajectory in 4D space.
The De-Sitter metric in the spherical coordinates xi ≡ (t, r, θ, φ) is
ds2 = (1− r
2
R2
)dt2 − (1− r
2
R2
)
−1
dr2 − r2dθ2 − r2sin2θdφ2 (4.2)
with 1/R2 = Λ/3, where Λ is the Cosmological constant.
To get the solution r(τ) and t(τ) for the trajectory of a LUA observer moving along
radial direction (θ = constant and φ = constant) in De-Sitter metric, we have used the
results of section 2. Even if f(r) = (1 − r2/R2) for De-Sitter metric does not satisfy
the condition, f(r) → 1 as r → ∞, the results of section 2 can be used for the LUA
observer in this metric, as this property of f(r) is not used anywhere in the derivation
of the results Eq.(2.13) and Eq.(2.14). By substituting f(r) = (1− r2/R2) in equations
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(2.13) and (2.14) the components of velocity vector become,
u1 =
dr
dτ
=
√
(|a|r + h)2 − 1 + r
2
R2
(4.3)
u0 =
dt
dτ
= (1− r
2
R2
)
−1
(|a|r + h) (4.4)
Solving the differential equation (4.3), r(τ) is obtained as,
r(τ) =
A exp(χτ)−B exp(−χτ) + |a|R√1 + 4AB
χ
(4.5)
where, χ =
√
(1/R2) + |a|2, A = e(χk)/2R2χ and B = (h2 − χ2R2) e(−χk)/2χ with k as
the constant of integration.
Substituting this r in Eq.(4.4) and integrating it with respect to τ , the solution t(τ)
is obtained as,
t(τ) = R
[
tanh−1
(
χ2R3 − |a|hR2 + eχ(k+τ)
χR2 (|a|R− h)
)]
−R
[
tanh−1
(
χ2R3 + |a|hR2 − eχ(k+τ)
χR2 (|a|R + h)
)]
(4.6)
The Eq.(4.5) and Eq.(4.6) thus give the trajectory of a LUA observer in De-Sitter
space.
4.1 5D Embedding flat space
To get the trajectory of LUA observer in the embedding space, consider first the relations
between coordinates za in 5D emmbedding space and coordinates xi ≡ (t, r, θ, φ) in 4D
De-Sitter space[10],
z0 =
√
R2 − r2 sinh(t/R) z1 =
√
R2 − r2 cosh(t/R) z4 = r cos(θ) (4.7)
z2 = r sin(θ) cos(φ) z3 = r sin(θ) sin(φ) (4.8)
The De-Sitter metric is then obtained through ds2 = ηabdz
adzb with the above substi-
tution for za. For radial trajectory (choosing θ = 0), z2 = z3 = 0 and z4 = r, and the
components of velocity vector, Ua = dza/dτ in the 5D space are,
U0 =
√
R2 − r2
R
cosh(t/R)u0 − r√
R2 − r2 sinh(t/R)u
1 (4.9)
U1 =
√
R2 − r2
R
sinh(t/R)u0 − r√
R2 − r2 cosh(t/R)u
1 (4.10)
U4 = u1 (4.11)
U2 = U3 = 0 (4.12)
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here, u0 = dt/dτ and u1 = dr/dτ are the components of 4D velocity vector.
The components of acceleration vector, (ab)5D = dU
b/dτ in terms of the components
of four velocity are,
(a0)5D =
cosh(t/R)
R
[√
R2 − r2du
0
dτ
− 2ru
0u1√
R2 − r2
]
+
sinh(t/R)√
R2 − r2
[
1− rdu
1
dτ
]
(4.13)
(a1)5D =
sinh(t/R)
R
[√
R2 − r2du
0
dτ
− 2ru
0u1√
R2 − r2
]
+
cosh(t/R)√
R2 − r2
[
1− rdu
1
dτ
]
(4.14)
(a4)5D =
du1
dτ
(4.15)
(a2)5D = (a
3)5D = 0 (4.16)
In 5D Minkowskian spacetime, the constraints for the trajectory to be LUA are
simply W b − |a|25DU b = 0 or,
0 = W 0 − |a|25DU0 =
d2U0
dτ 2
− |a|25DU0 (4.17)
0 = W 1 − |a|25DU1 =
d2U1
dτ 2
− |a|25DU1 (4.18)
0 = W 4 − |a|25DU4 =
d2U4
dτ 2
− |a|25DU4 (4.19)
where, |a|25D = −ηab(aa)5D(ab)5D is the 5−acceleration. The other two components of
W b are zero. Substituting U0, U1 and U4 given by equations (4.9), (4.10) and (4.11)
in the above equations and simplifying them using the normalization (giju
iuj = 1)
and orthogonality condition (giju
iaj = 0, where aj = uk∇kuj), we can relate the 5D
quantities to the 4D quantities as
W 0 − |a|25DU0 =
cosh(t/R)
√
R2 − r2
R
[w0 − |a|2u0]4D (4.20)
W 1 − |a|25DU1 =
sinh(t/R)
√
R2 − r2
R
[w0 − |a|2u0]4D (4.21)
W 4 − |a|25DU4 = [w1 − |a|2u1]4D (4.22)
From above equations, it is clear that, demanding the radial trajectory in 4D De-
Sitter space to satisfy the linearity conditions implies the linearity in embedding 5D
space. The trajectory of the LUA observer ( z0(τ), z1(τ), z4(τ) ) in embedding space
then can be simply obtained by substituting of r(τ) and t(τ) given by Eq.(4.5) and
Eq.(4.6) in Eq.(4.7). We have demonstrated this for a particular radial LUA trajectory
in 4D De-Sitter space, which gives the usual 2D Rindler hyperbolic trajectory in the
embedding 5D space. The trajectory with constants h = 0 and k = log(χR2)/χ, in 4D
De-Sitter space is,
r(τ) =
cosh(χτ)
χ
, t(τ) = R tanh−1(
sinh(χτ)
|a|R ) (4.23)
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which gives the trajectory in embedding space as,
z0 =
sinh(χτ)
χ
, z1 =
|a|R
χ
, z4 =
cosh(χτ)
χ
(4.24)
Thus the LUA trajectory in embedding 5D space is the usual Rindler trajectory with
frame of reference translated along z1 direction by a constant value |a|R/χ, for the above
choice of constants h and k.
5 Discussion
The lower bound of rb > 2M on the distance of closest approach rmin to the Schwarz-
schild black hole for a linearly uniformly accelerating observer is indeed an intriguing
one. For the h = 0 case, the LUA trajectory far away from the black hole, r → ∞,
matches with the Rindler hyperbola in flat spacetime at asymptotic infinity, with r = 0
and t = 0 being the bifurcation point of the Killing horizon. Increasing the acceleration
magnitude |a| in the latter case, that is for the Rindler trajectory in flat spacetime, one
can bring the turning point rrindlerb = 1/|a| to be arbitrary closer to r = 0 or to the
Rindler horizon at t − r = 0 by increasing |a| all the way upto infinity. In the present
case, one has introduced a black hole centred at r = 0. Here too, one would have
expected in general, the rmin to go all the way to the Schwarzschild radius rs for a con-
tinuous increase in the value of acceleration. The lower bound on rmin is still inversely
proportional to |a| through rb = 1/(
√
3|a|) in Eq.(3.13). However, as demonstrated,
increasing the acceleration |a| beyond the bound |a| ≤ 1/(√27M), simply thrusts the
trajectory into the black hole horizon on crossing the lower bound radius rmin = 3M .
One caveat to be noted is that near the saturation value, when |a| is of the order of
1/(
√
27M), the presence of the LUA trajectory may back-react on the background cur-
vature which may lead to additional effects on the bounds. Further we have shown that
a finite bound on the value of acceleration, |a| ≤ B(M,h) = a2 given in Eq.(3.21) and
a corresponding distance of closest approach rb > 2M given in Eq.(3.22) always exists,
for all finite asymptotic initial data h.
A similar bound α ≤ 1/(√27M) is known in the literature for a case of an uniformly
accelerating black hole with magnitude of acceleration α as described by the C-metric
[11]
ds2 =
1
(1 + αr cos θ)2
(
−Qdt2 + dr
2
Q
+
r2dθ2
P
+ Pr2 sin2 θdφ2
)
(5.1)
where P = (1 + 2αm cos θ) and Q = (1−α2r2) (1− 2m/r). The C-metric spacetime has
two horizons, the black hole horizon and the Rindler horizon corresponding to the two
real distinct positive roots of Q provided the bound on acceleration α is satisfied. At
the value α = 1/(
√
27M) the bound is saturated and the two roots coincide, that is, the
two horizons coincide. For any α greater than the saturation value, there is no horizon.
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In the present case of the LUA observer in the Schwarzschild metric, the roots of u1
show the same algebraic behaviour, as explained in section 3, with the two real positive
roots being the rmin and rmax of the LUA trajectory in Eq.(3.10) and Eq.(3.12). The
similarity is because the polynomial under the square-root in u1 in Eq.(3.2) is identical
to the polynomial Q in the C-metric Eq.(5.1).
Hence, although the two cases (i) a uniformly accelerating black hole and (ii) a
linearly uniformly accelerating observer in a static Schwarzschild black hole spacetime,
describe two different physical scenarios, the equivalence between the bound relations
brings up the question whether something curious happens with the Rindler horizon of
the LUA observer in the latter case as well. As motivated in section 1, a full general
relativistic treatment is needed to understand how the 2-D null hyper-surface of the
Rindler horizon behaves close to the black-hole. We investigate this feature in a future
publication [12].
In an earlier work [13, 14], the quantum field aspects for a uniformly accelerated
observer moving in an inertial thermal bath were investigated. It was shown that the
reduced density matrix for the Rindler observer in a flat spacetime moving in an inertial
thermal bath with temperature Tb (instead of the usual inertial vacuum) with acceler-
ation a = 2piTu, where Tu is the Rindler horizon temperature, is symmetric in Tu and
Tb. Hence, it was argued that the Rindler observer is unable to distinguish between
thermal and quantum fluctuations. The radially moving LUA observer in Schwarzschild
spacetime is analogous to a Rindler observer moving in an existing thermal bath, which
in this case is the Hawking thermal bath of the black hole. Thus an investigation into
the quantum treatment of fields in the background Schwarzschild spacetime from the
perspective of the LUA observer would be interesting [12].
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Appendix A
The solutions in Eqs.(2.13) and (2.14) can also be written by choosing the constant
c = |a|h as,
u1 = ±
√(
|a|r + c|a|
)2
− f(r) (5.2)
u0 = f(r)−1
(
|a|r + c|a|
)
(5.3)
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For the general case, c 6= 0, we have
dr
dt
=
u1
u0
= ±(1− rs
r
)
√(
|a|r + c|a|
)2
− 1 + rs
r(
|a|r + c|a|
) (5.4)
Solving this differential equation numerically, the trajectory r as a function of t is plotted
to get a curve similar to that of figure(3). The extrema of this curve r(t) are obtained
by solving dr/dt = 0, to get the following three roots,
r1 = − 2c
3|a|2 +
P 1/3
21/3 3|a|4 +
21/3(3|a|2 + c2)
3 P 1/3
(5.5)
r2 = − 2c
3|a|2 −
(1− i√3)P 1/3
21/3 6|a|4 −
(1 + i
√
3)(3|a|2 + c2)
22/3 3 P 1/3
(5.6)
r3 = − 2c
3|a|2 −
(1 + i
√
3)P 1/3
21/3 6|a|4 −
(1− i√3)(3|a|2 + c2)
22/3 3 P 1/3
(5.7)
here, P = −A + iB, with, A = (27|a|10rs + 18|a|8c − 2|a|6c3) and B =√
4(3|a|6 + |a|4c2)3 − (A)2. Simplifying these expressions in a similar manner as in the
case h = 0, we get,
r1 =
2
3|a|2
[√3|a|2 + c2
2
(
cos(ξ/3) +
√
3 sin(ξ/3)
)
− c
]
(5.8)
r2 =
−2
3|a|2
[√
3|a|2 + c2 cos(ξ/3) + c
]
(5.9)
r3 =
2
3|a|2
[√3|a|2 + c2
2
(
cos(ξ/3)−
√
3 sin(ξ/3)
)
− c
]
(5.10)
where, ξ = arctan(B/A). For r1, r2 and r3 to be real, B needs to be real, that is,
4(3|a|6 + |a|4c2)3 − (A)2 should be greater than or equal to zero, and thus ξ will be in
the range 0 < ξ < pi. It is then clear from the equations (5.8), (5.9), (5.10) that, r2 will
always be negative since cos(ξ/3) is positive, and thus it does not represent a physical
solution. The root r1 gives us the minimum of the trajectory.
To find the range of acceleration for which, B is real, i.e B2 ≥ 0, we first obtain the
values of acceleration |a| which give the zeros of function B, that is imposing B = 0, the
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acceleration |a| is obtained in terms of c and rs. The non-negative real solutions are,
a0 = 0
a1 =
√
4
81rs2
− 4c
9rs
+
22/3N
Q1/3
+
21/3Q1/3
81rs2
a2 =
√
4
81rs2
− 4c
9rs
+
22/3N
2Q1/3
(1−
√
3i)− Q
1/3
22/381rs2
(1 +
√
3i)
a3 =
√
4
81rs2
− 4c
9rs
+
22/3N
2Q1/3
(1 +
√
3i)− Q
1/3
22/381rs2
(1−
√
3i) (5.11)
where, N = 8/81rs
2 − 16c/9rs + 4c2 + 2c3rs and Q = C + D, with, C = 10935 c4rs4 −
4860 c3rs
3 + 5832 c2rs
2 − 864 crs + 32 and D = 81
√
3
√
M with M = −432 c9rs9 +
3483 c8rs
8 − 9432 c7rs7 + 8768 c6rs6 − 512 c5rs5
It can be checked that, when D is real (M ≥ 0) then Q becomes real, and it is
possible to have a real non-negative solution a1 with a2, a3 to be complex for a certain
range of c. While for an imaginary D, it is possible to have all the solutions a1, a2 and
a3 to be non-negative real or just a1 to be non-negative real and a2, a3 to be complex
for a certain range of c. Below, we find those values of c.
Using the same method as done for the radii r1, r2 and r3, the solutions in Eq.(5.11)
can be re-expressed as
a1 =
√
4
81rs2
− 4c
9rs
+
2(2R)1/3
81rs2
cos(
β
3
) (5.12)
a2 =
√
4
81rs2
− 4c
9rs
− 2(2R)
1/3
81rs2
cos(
pi + β
3
) (5.13)
a3 =
√
4
81rs2
− 4c
9rs
− 2(2R)
1/3
81rs2
cos(
pi − β
3
) (5.14)
where, β = arctan(D
′
/C), D
′
= 81
√
3
√
M ′ and M
′
= −M . Now, to have all the real
positive solutions, we need to have D
′
real, that is, M
′
should be positive or zero. To
find the range of c for which M
′
is greater than or equal to zero, we first find the zeros
of M
′
. Solving M
′
= 0, for c, we get, c = 0, or c = 1/16rs or c = 8/3rs.
One can check that M
′ ≥ 0 for the range 0 ≤ c ≤ (1/16rs) and c ≥ (8/3rs) while
M
′
< 0 for c < 0 and the range (1/16rs) < c < (8/3rs). A Plot of M
′
as a function of c
for a particular value of rs = 1 is shown in figure(7).
The values for a1, a2 and a3 are calculated for different values of c in each range
of c and it was found that, in range 0 ≤ c ≤ (1/16rs), a1, a2 and a3 are all real and
positive, but for c ≥ (8/3rs), only a1 is real and positive and a2 and a3 are complex
values and thus are not physical solutions. For the other two ranges of c, i.e, for c < 0
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Figure 7: M
′
as a function of c for rs = 1. The function has zeros at, c = 0, c = 0.0625
and c = 2.6667.
and (1/16rs) < c < (8/3rs), only a1 is real and positive, and a2 and a3 are complex
values.
Now, as stated earlier, to have the minimum r1 and the maximum r3 real, the term
4(3|a|6 + |a|4c2)3− (27|a|10rs+18|a|8c−2|a|6c3)2 should be greater than or equal to zero.
To check the range of magnitude of acceleration |a| for which this term is positive, it is
plotted as a function of |a| (the plot for c = 2 and rs = 0.01 is shown in figure 8) and
the extrema, r1 and r3 are also plotted as a function of |a| (see figure 9) for a particular
value of c in each range of c.
The nature of solutions a1, a2 and a3 and r1 and r3 in each range of c is tabulated
below in table(1).
Range of c Nature of a1, a2, a3 Range of acceleration a Nature of r1 and r3
c < 0 a1 → real, 0 < a ≤ a1 real and positive
a2, a3 → complex a > a1 complex
0 ≤ c ≤ 1
16rs
a1,a2,a3 → real 0 < a < a2 complex or negative
a3 < a2 < a1 a2 ≤ a ≤ a1 real and positive
a > a1 complex
1
16rs
< c < 8
3rs
a1 → real, 0 < a ≤ a1 complex or negative
a2, a3 → complex a > a1 complex
c ≥ 8
3rs
a1 → real, 0 < a ≤ a1 complex or negative
a2, a3 → complex a > a1 complex
Table 1: Nature of solutions a1, a2 and a3 and r1 and r3.
From the table, one can see that, r1 and r3 are positive and real only for the range
|a| ≤ a1 of acceleration in the range c < 0 and for the range a2 ≤ |a| ≤ a1 of acceleration
in the range 0 ≤ c ≤ (1/16rs). Thus to have a radial LUA trajectory with a turning
point in Schwarzschild metric it should have acceleration in range |a| ≤ a1 when c < 0
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Figure 8: Plot of B2 = 4(3|a|6 + |a|4c2)3 − (27|a|10rs + 18|a|8c− 2|a|6c3)2 as a function
of |a| for c = 2 and rs = 0.01. The zeros of the function are a0 = 0, a1 = 34.7145,
a2 = 2.61681 and a3 = 1.69483.
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Figure 9: r1 = rmin and r3 = rmax as a function of |a| for c = 2 and rs = 0.01
23
and in range a2 ≤ |a| ≤ a1 when 0 ≤ c ≤ (1/16rs). In all other cases, the LUA trajectory
initially moving towards the black hole falls into the black hole horizon.
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